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Abstract 

In this study, we investigate the quantum characteristics of a three-level system coupled to a two-mode thermal 
reservoir. We employ stochastic differential equations, which incorporate normal ordering, to describe the dynamics of 
the system. Our primary focus is on examining the squeezing and entanglement properties of the two-mode cavity light. 
The results of the study demonstrate a significant level of entanglement between the two cavity modes. Furthermore, 
there exists a direct correlation between the degree of entanglement and the degree of two-mode squeezing. This 
discovery emphasizes the potential for enhancing the non-classical properties of the system by utilizing nonlinear 
optical elements. The study provides valuable insights into the interplay between squeezing, entanglement, and thermal 
noise in a three-level system coupled to a two-mode thermal reservoir. The findings suggest that the introduction of 
nonlinear elements can enhance the squeezing and entanglement of the system, even in the presence of thermal noise. 
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1 Introduction 

A three-level laser quantum optics system, coupled to thermal reservoirs, refers to a setup in which a three-level 
quantum system, such as a three-level atom or a quantum dot, is utilized as the active medium in a laser. The system is 
connected to thermal reservoirs, which represent the surrounding environment and can induce thermal fluctuations in 
the system. In this configuration, the three energy levels of the quantum system are typically labeled as the ground state, 
the excited state, and an intermediate state. The system can be stimulated from the ground state to the excited state 
using an external energy source, such as an optical or electrical pump. Subsequently, the excited state decays to the 
intermediate state through spontaneous emission, and the system can return to the ground state through various 
relaxation processes. 

The thermal reservoirs represent the thermal fluctuations in the environment, which can cause the system to undergo 
transitions between its energy levels. These transitions can lead to the emission of thermal photons, contributing to the 
overall noise in the system. The interaction between the quantum system and the thermal reservoirs can be described 
using quantum optics formalism, such as the master equation or the quantum Langevin equation. The coupling to 
thermal reservoirs introduces various effects in the system, including relaxation processes, phasing, and thermal noise. 
These effects can impact the coherence and dynamics of the system, affecting properties such as the emission spectrum, 
line width, and photon statistics of the laser output.  

Understanding and controlling the interaction between the three-level quantum system and the thermal reservoirs is 
crucial for optimizing the performance of the laser. It also has implications for applications such as quantum information 
processing, where noise and coherence can degrade the performance of quantum operations. Overall, the investigation 
of a three-level laser quantum optics system coupled to thermal reservoirs involves studying the interplay between the 
quantum dynamics of the system and the thermal fluctuations in the environment. This research area is significant for 
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both gaining a fundamental understanding of quantum systems and applying it to laser technology and quantum 
information science. The study of the density and structural computations of light generated by three-level lasers has 
received significant attention [1–17]. Three-level atoms are initially arranged in a parallel surface of two distinct levels 
and then injected into a hole connected to a vacuum dam by a single-hole mirror. This process can be seen as a quantum 
vision system for a three-level laser. The system with three distinct levels consists of two dipole transients. There are 
three different types of three-level systems, named Lambda Λ, Cascade, and Vee (V), each combining different exciting 
circumstances and mid-level states. Three-level atoms are steadily fed into a hole in a three-level laser and released 
after a predetermined amount of time (τ T). The three levels are represented by the symbols |a>, |b>, and |c>. 

The study of the interaction between a laser system and its surrounding thermal environment involves three-level 
lasers connected to a thermal reservoir. The temperature environment is described by a statistical ensemble, and the 
laser system is addressed in a quantum mechanical fashion. The first step in analyzing this system is typically defining 
the Hamiltonian that controls the laser system's dynamics. Components in this Hamiltonian represent the laser's energy 
levels, the coupling between these levels, and the interaction with the thermal environment. To describe the laser 
system, a series of density matrix equations that follow the evolution of the populations and coherences of the energy 
levels are typically used.  

To simulate the thermal environment, a density matrix representing the statistical distribution of its energy states is 
used, taking into consideration the temperature and other pertinent environmental factors. A master equation is 
commonly used to explain the temporal evolution of the laser system's density matrix and the interaction between the 
laser system and the thermal environment. By solving this master equation, numerous features of the three-level laser 
system linked to the thermal quantum state may be studied, including the lasers' steady-state. performance, including 
their output power and efficiency.  It also sheds light on the ways in which thermal fluctuations influence the behavior 
of the laser system. Knowledge and improving the performance of lasers in real-world applications—where thermal 
effects can have a substantial impact on their operation—requires knowledge of this methodology [1, 3-13] 
concentrated light has the potential to work in low-noise communication and weak signal detection. A three-level laser 
can be described as a quantum optical system in which atoms with three levels, are first arranged at a high relative level 
of two levels, injected into a hole. When a three-level atom makes a transition from top to bottom, two ports are 
produced. The combination of the two levels of the atom is responsible for the exciting non-artificial features of the light 
produced. Typically, an atomic fusion can be made of a three-level atom by attaching a corresponding light or by 
arranging an atom at the beginning of the upper junction of these two levels. There are a number of quantum optical 
systems that can produce light with non-artificial features such as compression, folding, and anti-bonding etc. 

We assume that the direct fluctuations between levels | a> → | c> reject the hole modes corresponding to two 
fluctuations | a> ↔ | b> and | a> ↔ | b>. This is believed to be the initial state in which atoms are repaired at the beginning 
of | a> and | c>. When a three-level atom decomposes in a cascade from top to bottom, it releases two photons. If these 
two photons have identical frequencies, the three-level atom is called a degenerate three-level atom; otherwise, it is 
referred to as a non-degenerate three-level atom. It is understood that the two photons generated by the cascade three-
level laser system exhibit squeezing properties under certain conditions due to the correlation between the photons. 

2 Materials and methods 

2.1 Three-Level Atom with Radiation 

In this chapter, we aim to develop a Hamiltonian description of radiation interactions in the Vee three-level atom. We 
will combine this with the master three-level laser equation and a vacuum reservoir. [8] 

 

    Figure 1 Schematic diagram of cascade -type three-level laser      
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2.2 The Hamiltonian 

In this section we seek to drive the Hamiltonian describing the interaction of a radiation with three-level atom. The 
interaction of a one-electron atom having mass m and charge e with a single-mode radiation represented by the vector 
potential A, is described by the Hamiltonian [1-3] 

  �̂�1 =  
𝑒

𝑚
�̂� . �̂�   

𝑒2

2𝑚
�̂�2                                               (1) 

Where �̂�  is the canonical momentum? Since, we can neglect the second term in 

Eqn.(2.1). Hence the interaction Hamiltonian can be put in the form 

  �̂�1 = 
𝑒

𝑚
�̂� . �̂�                                           (2) 

It proves to be more convenient to express this Hamiltonian in terms of electric field operator. To this end, we note that 

𝑑

𝑑𝑡
(�̂�. �̂�) =  −

𝑖𝑒

𝑚ℏ
 [�̂�. �̂� , �̂� . �̂�]                              (3)             

   n which �̂�  is the position operator for the electron. Taking into account the fact that the 
vector potential commute with the position and momentum operators, one readily finds [11]                  

   [�̂�. �̂� , �̂� . �̂�] = 𝑖ℏ�̂�2 .                                                 (4) 

It then follows that 

   
𝑑

𝑑𝑡
(�̂�. �̂�) =  

𝑒

𝑚
�̂�2                                                  (5) 

On the other hand, we have 

  
𝑑

𝑑𝑡
(�̂�. �̂�) =  �̂� .  

𝑑�̂�

𝑑𝑡
+  𝑟 ̂.

𝑑𝐴

𝑑𝑡
 ,                              (6) 

so that combination of Eqn. (2.5) and (2.6) leads to 

      �̂�.
𝑑�̂�

𝑑𝑡
=  

𝑒

𝑚
�̂�2 − 𝑟 ̂.

𝑑𝐴

𝑑𝑡
                                           (7) 

Furthermore, with the aid of the relation 

     �̂�=m
𝑑�̂�

𝑑𝑡
−e�̂�,                                                         (8) 

One can write 

                                      �̂� · �̂� = m d
𝑑�̂�

𝑑𝑡
 · �̂� − e�̂� 2.                                                               (9) 

Now on account of Eqn. (2.7) and (2.9), we have 

                                     �̂� · �̂�= − m�̂� ·
𝑑𝐴

𝑑𝑡
.                                                                            (10) 

In view of this the interaction the Hamiltonian described by Eqn. (2) can therefore be 

Put in the form 

                                           �̂�I = −e�̂� ·
𝑑𝐴

𝑑𝑡
.                                                                          (11) 

It can be easily established that 

                                            
𝑑𝐴

𝑑𝑡
 =

𝜕𝐴

𝜕𝑡
 + (− �⃗�· ∇)�̂�                                                              (12) 
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A simpler form of Eq. (12) can be obtained by applying the electric dipole approximation 

                                     𝑒𝑖𝑘.𝑟= 1                                                                                      (13) 

This is evidently justified d provided that k.r << 1. Inspection of the vector potential in the electric dip ole approximation, 
on the position c o ordinates , it then turns out in this approximation that 

 
                          (− �⃗�· ∇)�̂�= 0 ,                                                                                  (14) 

and hence in the Coulomb gauge we have 

                           
𝑑𝐴

𝑑𝑡
 = 

𝜕𝐴

𝜕𝑡
 = −�̂�.                                                                                              (15) 

In view of this result, we see that 
                           �̂�I = erˆ(t) · �̂� (x ,t).                                                                           (16) 

 
The electric field operator for two-mode light in the electric dipole approximation has the form 

�̂�(𝑥, 𝑡) = ie { [ 
ℏ𝜔𝑎

2ℰ𝑜𝑉
]

1

2  (�̂� 𝑒−𝑖𝜔𝑎𝑡 −  �̂�+ 𝑒𝑖𝜔𝑎𝑡  ) + {[ 
ℏ𝜔𝑏

2ℰ𝑜𝑉
]

1

2  (�̂� 𝑒−𝑖𝜔𝑏𝑡 − �̂�+ 𝑒𝑖𝜔𝑏𝑡  )} u. (17) 

And 

�̂�(𝑡) =  𝑟𝑎𝑏 (�̂�𝑎𝑏 𝑒
𝑖𝜔𝑎

′ 𝑡 + �̂�𝑏𝑎 𝑒
−𝑖𝜔𝑎

′ 𝑡) + 𝑟𝑏𝑐 (�̂�𝑏𝑐 𝑒
𝑖𝜔𝑏

′ 𝑡 + �̂�𝑐𝑏 𝑒
−𝑖𝜔𝑏

′ 𝑡).                          (18) 

The result is 

  �̂�I=iℏ𝑔 [
(�̂�𝑎𝑏 �̂�𝑒−𝑖(𝜔𝑎−𝜔𝑎

′ )𝑡 −  �̂�𝑏𝑎  �̂�+𝑒−𝑖(𝜔𝑎−𝜔𝑎
′ )𝑡) +   

  (�̂�𝑏𝑐 �̂�𝑒𝑖(𝜔𝑏−𝜔𝑏
′ )𝑡 +  �̂�𝑐𝑏 �̂�

+𝑒−𝑖(𝜔𝑏−𝜔𝑏
′ )𝑡)

]  .                                           (19) 

3 Result and discussion 

3.1 Master Equation 

In this section we determine the master equation of a three-level lambda type in a two-mode vacuum storage facility. 

3.1.1 Cascade Three Laser Type 

We consider three-level lasers in which atoms with three levels in the V-shape are injected at a constant rate and 
released from the hole after a certain amount of time τ. We mean the upper and lower levels of the three-dimensional 
atom by | b>, | a>| c> as shown in Fig. 2 

We assume that cavity pathways will be compatible with two versions | b> ↔ | a> and | b> ↔ | c>, there is a permissible 
dipole and a direct transition between levels | a> ↔ | c> for dipole rejection [11-13] .The atomic interaction of the three 
V-level and cavity pathways can be described in the Hamiltonian interaction image.                                  

   �̂�I=i𝑔[(�̂�𝑎𝑏 �̂� − �̂�𝑏𝑎  �̂�+  ) +     (�̂�𝑏𝑐 �̂� +  �̂�𝑐𝑏 �̂�
+)]                             (20) 

We take the initial state of a three-level atom to be 

                                𝜓𝐴(0) = 𝐶𝑎(0)| 𝑎 >  + 𝐶𝑐(0)|𝑐 >                                                    (21) 

The master equation for V three-level laser coupled to a two-mode vacuum reservoir can be Written as 
 

𝑑

𝑑𝑡
�̂� =  

1

2
(𝜅 + 𝐵𝜌𝑎𝑎

(0)
)(2�̂��̂��̂�+ − �̂�+�̂��̂�  − �̂��̂�+�̂�) +  

1

2
(𝜅 + 𝐵𝜌𝑐𝑐

(0)
)(2�̂��̂��̂�+ − �̂�+�̂��̂�  − �̂��̂�+�̂�) +  

1

2
(𝐵𝜌𝑎𝑐

(0)
)(2�̂��̂��̂�+ − �̂��̂�+�̂�  −

�̂�+�̂��̂�) + 
1

2
(𝐵𝜌𝑎𝑐

(0)
)(2�̂��̂��̂�+ − �̂�+�̂��̂�  − �̂� �̂�+�̂�)                                                    (22) 
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3.1.2 C-Number Langavin Equations 

The c- number Langavin equation associated to the normal orders. 

𝑑

𝑑𝑡
 < 𝛼 > = − 

1

2
 𝜇𝑎 < 𝛼 >  − 

1

2
 𝑣 < 𝛽 >                                                                        (23) 

𝑑

𝑑𝑡
 < 𝛽 > = − 

1

2
 𝜇𝑐 < 𝛽 >  − 

1

2
 𝑣 < 𝛼 >                                                                         (24) 

𝑑

𝑑𝑡
 < 𝛼2 > =  − 𝜇𝑎 < 𝛼2 >  −  𝑣 < 𝛼𝛽 >                                                                        (25) 

𝑑

𝑑𝑡
 < 𝛽2 > =  − 𝜇𝑐 < 𝛽2 >  +  𝑣 < 𝛼𝛽 >                                                                         (26) 

𝑑

𝑑𝑡
 < 𝛼∗𝛼 > =  − 𝜇𝑎 < 𝛼∗𝛼 >  − 

1

2
 𝑣(< 𝛼∗𝛽 >  + < 𝛽∗𝛼 >)                                         (27) 

𝑑

𝑑𝑡
 < 𝛽∗𝛽 > =  − 𝜇𝑐 < 𝛽∗𝛽 > − 

1

2
 (𝜇 < 𝛼∗𝛽 > + 𝑣𝛽∗𝛼 >)                                                  (28) 

𝑑

𝑑𝑡
 < 𝛼∗𝛽 > =  − 

1

2
(𝜇𝑎 + 𝜇𝑐) < 𝛼∗𝛽 >  − 

1

2
 𝑣(< 𝛼∗𝛽 >  + < 𝛽∗𝛼 >)                         (29) 

𝑑

𝑑𝑡
 < 𝛼𝛽 > =  − 

1

2
(𝜇𝑎 + 𝜇𝑐) < 𝛼𝛽 >  − 

1

2
 𝑣(< 𝛽2 >  + < 𝛼2 >)                                  (30) 

On the base of this equation Eqn (23) and (24)] 

𝑑

𝑑𝑡
 𝛼(𝑡) = − 

1

2
 𝜇𝑎𝛼(𝑡) − 

1

2
 𝑣𝛽(𝑡) + 𝑓𝛼(𝑡)                                                                         (31) 

𝑑

𝑑𝑡
 𝛽(𝑡)  = − 

1

2
 𝜇𝑐𝛽(𝑡)  − 

1

2
 𝑣𝛼(𝑡) + 𝑓𝛽(𝑡)                                                                         (32)              

 
 
Where 𝑓𝛼(𝑡) and 𝑓𝛽(𝑡) are noise forces. The solution of equation (3.12) and (3.13) can be written as 

𝛼(𝑡) =   𝛼(0)𝑒
−𝜇𝑎𝑡

2 −  ∫ 𝑑𝑡′𝑒
−𝜇𝑎(𝑡−𝑡′)

2     (
1

2
𝑣

𝑡

0

𝛽(𝑡′) − 𝑓𝛽(𝑡′))              (33) 

𝛽(𝑡)  =  𝛽(0)𝑒
−𝜇𝑐𝑡

2 − ∫ 𝑑𝑡′𝑒
−𝜇𝑐(𝑡−𝑡′)

2     (
1

2
𝑣

𝑡

0

𝛼(𝑡′) − 𝑓𝛽(𝑡′))                 (34) 

The solution of coupled differential equation Eq. (3.12) and Eq. (3.13) can be written in the matric form as 

                                                                    
𝑑

 𝑑𝑡
𝑌(𝑡) =  

1

2
𝑀𝑌(𝑡) + 𝐹(𝑡)                                (35) 

                                                                     𝑌(𝑡) =  (
𝛼(𝑡)

𝛽(𝑡)
)                                                  (36) 

                                                                    𝑀 =  (
𝜇𝑎 𝑣
𝑣 𝜇𝑐

)                                                    (37) 

                                                                   𝐹(𝑡) =  (
𝑓𝛼(𝑡)

𝑓𝛽(𝑡)
)                                                  (38) 

We next proceed to find the eigenvalues and eigenvectors of the matrix M. Applying the eigenvalue equation 

  𝑀𝑈𝑖 =  𝜆𝑈𝑖  , We find the characteristic equation 

           𝜆2 − 𝜆(𝜇𝑎 + 𝜇𝑐) + 𝜇𝑐𝜇𝑎 − 𝑣2= 0    
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  We finally obtain                                                                                                                 (39) 

          𝛼(𝑡) =  𝑝1(𝑡) 𝛼(0) + 𝑞1(𝑡)𝛽(0) + 𝐻1(𝑡)                                                                        (40) 

         𝛽(𝑡) =  𝑝2(𝑡) 𝛽(0) +  𝑞2(𝑡)𝛼(0) +  𝐻2(𝑡)                                                                          (41) 

Where 

𝐻1(𝑡) =  ∫ 𝑝1(𝑡 − 𝑡′)𝑓𝛼(𝑡′) +  𝑞1(𝑡 − 𝑡′)𝑓𝛽(𝑡′)
𝑡

0

𝑑𝑡′                                          (42)       

𝐻2(𝑡) =  ∫ 𝑝2(𝑡 − 𝑡′)𝑓𝛽(𝑡′) + 𝑞2(𝑡 − 𝑡′)𝑓𝛼(𝑡′)
𝑡

0

𝑑𝑡′                                         (43)      

3.1.3 The Q –Function 

We now proceed to determine the Q function for the cavity mode produced by a V three level lasers coupled to vacuum 
reservoir. The Q function for a two-mode light is expressible as 

 

𝑄(𝛼, 𝛽, 𝑡) =  
1

𝜋2 ∫
𝑑2𝑧

𝜋
 

𝑑2𝑤

𝜋
    𝛷(𝑧, 𝑤, 𝑡)𝑒𝑧∗𝛼−𝑧𝛼∗+𝑤∗𝛽−𝑤𝛽∗                                                                 (44) 

where 

                                     Φ (z, w, t) = T r(�̂�𝑒−𝑧∗�̂�(𝑡)𝑒𝑧�̂�+(𝑡)𝑒−𝑤∗�̂�(𝑡)𝑒𝑤�̂�+(𝑡) 

We can write in terms of c-number variables associated to the normal ordering as 

                   Φ (z, w, t) =𝑒−𝑧∗𝑧𝑒−𝑤∗𝑤 < 𝑒𝑧𝛼∗(𝑡)−𝑧∗𝛼(𝑡)+𝑤𝛽∗(𝑡)−𝑤∗𝛽(𝑡) >                                     (45) 

We note that α (t) and β (t) are Gaussian variables with a vanishing mean.  

In the view of this finally Q-function for lambda three-level lasers, 

𝑄(𝛼, 𝛽) =  
1

𝜋2
exp(−𝛼 ∗ 𝛼 − 𝛽 ∗ 𝛽)                                                                   (46) 

3.2 Quadrature Fluctuation 

The quadrature squeezing property of two-mode light is described by two Hermitian quadrature operators. 

3.2.1  Quadrature Squeezing 

Here we seek to determine the quadrature variance s for a superposed two- mode light beams produced by V- type 
three- level lasers. We define the quadrature variance for a superpose d two- mode light beams by 

Δ𝑐2
± = < �̂�±, �̂�± >                                                                                                                  (47) 

Where 

�̂�± =  √±( �̂�+, �̂�),                                                                                                                    (48) 

are the plus and minus quadrature operators for the superposed two-mode light beams, �̂� and  �̂�+ are the annihilation 
and creation operators for the superposed two-mode light. 

[𝑐+ , 𝑐−] = 8𝑖.                                                                                                                          (49) 

In view of the relation in above equation, the superposed two-mode light is said to be in squeezed state if 𝑒𝑖𝑡ℎ𝑒𝑟 ∆𝑐 − <
 4 𝑜𝑟 ∆𝑐 + <  4 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 ∆𝑐 + ∆𝑐 − ≥  4. with the aid of above equation, 
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  We get 

Δ𝑐2
± = 4 + 2 <  �̂�+�̂� >  ± < 𝑐̂+2 >  ± < �̂�2 > − 2 <  �̂�+ >< �̂� > ∓<  �̂�+ >2 ∓< �̂� >2. (50) 

Taking to account Eqn.(50) and<  �̂�+ > = < �̂� >,  

we have 

Δ𝑐2
± = 4 + 2 <  �̂�+�̂� >  ± 2 < �̂�2 >                                                                                    (51) 

Using the density operator, we write as and c- Langavin equation 

Δ𝑐2
± = 4 + 𝐴(1 − 𝜂) [

2𝜅(4𝜅+2𝐴𝜂+𝐴)−𝐴2(1−𝜂)

2𝜅(2𝜅=𝐴𝜂)(𝜅+𝐴𝜂)
] + 𝐴√1 − 𝜂2[

2𝜅(4𝜅+3𝐴𝜂+𝐴)−𝐴2(1−𝜂2)

2𝜅(2𝜅=𝐴𝜂)(𝜅+𝐴𝜂)
]            (52) 

The equation represents the quadrature variation of the maximum position of the light beams produced by the Vee type 
of three levels. Figure 4.1 represents the variation of minus quadrature [Eq. (4.6)] compared with η in different A values. 
This figure shows that the compression rate increases with the coefficient of line gain and the almost total coefficient 
can be obtained by the maximum coefficient values of the gain line and the minimum values of η. In addition, the 
minimum quadrature variance defined by Eqn. (4.6) in A = 1, κ = 0.8, found 〖∆c〗 _2 ^ _ = 2.79 and occurs at η = 0.35 
this result suggests that the maximum intracavity coefficient of the above values is 30.25 percent below the correlation-
level of the state. [17]          

 

Figure 2 Plots of the minus quadrature variance above equation versus η for κ = 0 .8, and for different values of the 
line a gain c o efficient. 

3.3 Photon Statistics 

         In this chapter we wish to study the mathematical features of the two-dimensional superposition light lines 
produced by three V-level laser-operated operators that use the Q-functions of each line and the density pulse-mounted 
operator. [8 - 9] . 

3.3.1 Density Operator 

Suppose ˆρ (t) be the density operator for the superposition of two beams. We can write ρˆ (t) in the normal order as 

ρ ̂(t) =  ∑ cijkl(t) â+iâjb̂+kâl
ijkl                                                                          (53) 

Î = ∫
d2α1

π

d2β1

π
|α1β1⟩⟨β1α1|, and the relation 

|α1β1⟩⟨β1α1| â+ib̂+k = a1
∗ib1

∗k|α1β1⟩⟨β1α1|,                                                     (54) 

|α1β1⟩⟨β1α1| â+ib̂+k = (α1 +  
∂

∂α1
∗ )j(β1 +

∂

∂β1
∗)k|α1β1⟩⟨β1α1| 
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ρ ̂ =  ∫ dα1d β1Q1 (α1
∗ , β1

∗ , α1 +
∂

∂α1
∗ ; β1 +

∂

∂β1
∗ ) D̂ (α1, β1)ρ̂o D̂

+(−α1 − β1 ) (55) 

Where 

Q1 = (α1
∗ , β1

∗ , α1 +
∂

∂α1
∗ ; β1 +

∂

∂β1
∗ )=

1

2π
∑ cijkl(t)ijkl α1

∗iβ1
∗l(α1 +  

∂

∂α1
∗ )j(β1 +

∂

∂β1
∗ )k  (56) 

D̂ (α1, β1) = eα1â+ +β1b̂+−α1
∗ â−β1

∗ b̂, 

And  ρ̂o  is the density operator for the system at initial time 

Assuming that the density operator at initial time is to be in some other state and following the same procedure to obtain 
the expression in Eq. (5.5), we readily find that 

ρ̂o = ∫ 𝑑2𝛼2𝑑2𝛽2Q2 (α2
∗ , β2

∗ , α2 +
∂

∂α2
∗ ; β2 +

∂

∂β2
∗ ) D̂ (α2, β2)|0,0⟩⟨0,0|D̂+(α2, β2 )   (57) 

In which 

Q2 = (α2
∗ , β2

∗ , α2 +
∂

∂α2
∗ ; β2 +

∂

∂β2
∗ )=

1

2π
∑ cpqrs(t)pqrs α2

∗p
β2

∗r(α2 +  
∂

∂α2
∗ )q(β2 +

∂

∂β2
∗ )s(58) 

D̂ (α2, β2) = eα2â+ +β2b̂+−α1
∗ â−β2

∗ b̂, 

With the aid of Eqn. (5.5) and (5.8) as well as the relation 

D̂ (α2, β2)D̂ (α1, β1)|0,0⟩⟨0,0|D̂+(α1, β1 )D̂+(α2, β2 ) =  |𝛼1 + 𝛼2 +𝛽1 + 𝛽2⟩⟨𝛽1 + 𝛽2 + 𝛼1 + 𝛼2|                                                                                                              
(59) 

The expectation value of the annihilation operator for two-mode superposed light beams represented by ˆc in terms of 
density operator is given by 

⟨�̂�⟩ = 𝑇𝑟(�̂�(𝑡)�̂�(0))                                                                                       (60) 

Taking account Eqn. () and∫ 𝑑2𝛼𝑖𝑑
2𝛽𝑖Qi (αi

∗, βi
∗, αi +

∂

∂αi
∗ ; βi +

∂

∂βi
∗) = 1, we have 

                            ⟨�̂�⟩ =  ⟨�̂�1⟩ + ⟨�̂�1⟩ + ⟨�̂�2⟩ + ⟨�̂�2⟩                                      (61) 

                          ⟨�̂�𝑖⟩ =∫ 𝑑2𝛼𝑖𝑑
2𝛽𝑖Qi (αi

∗, βi
∗, αi +

∂

∂αi
∗ ; βi +

∂

∂βi
∗) 𝛼𝑖               (62) 

⟨�̂�𝑖⟩ = ∫ 𝑑2𝛼𝑖𝑑
2𝛽𝑖Qi (αi

∗, βi
∗, αi +

∂

∂αi
∗ ; βi +

∂

∂βi
∗) 𝛽𝑖                                        (63) 

𝑤𝑖𝑡ℎ   𝑖 = 1,2. Based on the result given by Eqn. (63), one can write the operator 
representing the superposed light beams as [9] 

�̂�= �̂�1 + �̂�2 + �̂�1 + �̂�2                                                                                     (64) 

With the commutation relation 
[�̂� , �̂�+]= 4.                                                                                                       (65) 

We note that the Q-function for a single mode can obtained using the relation 

𝑄𝑖(αi
∗, αi)==∫ 𝑑2𝛽𝑖Qi( αi, βi, t)                                                                      (66) 
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𝑄𝑖(α𝑖
∗, 𝛼𝑖 +

𝜕

𝜕α𝑖
∗)  =  𝑄𝑖(α𝑖

∗, 𝛼𝑖 , 𝑡)𝑒
−Ua𝑖α𝑖

∗ 
∂

α𝑖
∗ 

,                                                   (67) 

𝑄𝑖(𝛽𝑖
∗, + 

∂

𝜕𝛽𝑖
∗ )𝛽𝑖  =  𝑄𝑖(𝛽𝑖

∗, 𝛽𝑖 , 𝑡)𝑒
−Ua𝑖𝛽𝑖

∗ 
∂

𝛽𝑖
∗ 

                                                   (68) 

3.3.2 Mean Photon Number 

In this section we want to calculate the average number of photon f or two-dimensional light rays produced by cascades 
and three V-level lasers. The description of the photon number for the superposition of the two light lines can be 
displayed depending on the density operator as [13] 

�̅� =  〈�̂�+�̂�〉 = 𝑇𝑟(�̂��̂�+�̂�)                                                                             (69) 

�̂�+(𝑡)�̂�(𝑡) = ∫ 𝑑2𝛼1𝑑2𝛼2𝑑2𝛽1𝑑2𝛽2Q1 (α1
∗ , β1

∗ , α1 +
∂

∂α1
∗ ; β1 +

∂

∂β1
∗ )                                         (α2

∗ , β2
∗ , α2 +

∂

∂α2
∗ ; β2 +

∂

∂β2
∗ ) |𝛼1 +

𝛼2 + 𝛽1 + 𝛽2|2     (70) 

This equation can be put in the form 

�̂�+(𝑡)�̂�(𝑡) = 〈𝑎1
+�̂�1〉 + 〈𝑎2

+�̂�2〉 + 〈�̂�1
+�̂�1〉 + 〈�̂�2

+�̂�2〉 + 〈𝑎1
+�̂�1〉 + 〈�̂�1

+�̂�1〉 

+〈�̂�2
+�̂�2〉 + 〈�̂�2

+�̂�2〉 + 〈�̂�2
+�̂�2〉 + 〈�̂�1

+〉〈�̂�2〉 + 〈�̂�2
+〉〈�̂�1〉 + 〈�̂�1

+〉〈�̂�2〉 

+〈�̂�2
+〉〈�̂�1〉 + 〈�̂�1

+〉〈�̂�2〉 + 〈�̂�2
+〉〈�̂�1〉 + 〈�̂�1

+〉〈�̂�2〉 + 〈�̂�2
+〉〈�̂�1〉                            (71) 

Carrying out the integration and then performing the differentiation, we find 

〈�̂�𝑖
+�̂�𝑖〉 = 𝑎1 − 1                                                                                    (72) 

     〈𝑎1
+�̂�1〉 = 𝑎1 − 1     〈𝑎2

+�̂�2〉 = 0                           (73) 

Similarly 

〈�̂�𝑖
+�̂�𝑖〉 = 𝑏1 − 1                                                                                    (74) 

〈�̂�1
+�̂�1〉 = 𝑏1 − 1, 〈�̂�2

+�̂�2〉 = 𝑜                                                               (75) 

〈�̂�𝑖〉 = 〈�̂�𝑖〉= 〈�̂�𝑖
+�̂�𝑖〉 = 0                                                                       (76) 

Then finally  

�̂�+(𝑡)�̂�(𝑡) = ∑ 〈�̂�𝑖
+�̂�𝑖〉 + 〈�̂�𝑖

+�̂�𝑖〉2
1                                                          (77) 

Eq. (77) represents the medium-sized photon number at the top of the cascade with three lambda level levels. We see 
in Eq. (77) that the direct photon number of superposition light lines is the sum of a three-level cascade photon number 
and a V-type three-level laser photon number. [6] 

4 Conclusion 

In this study, we coupled a thermal reservoir with a three-level laser to monitor the statistics and congestion of the light 
output across all its channels. Atoms are injected into a hole connected to a cleaning dam through a single mirror hole, 
initially placed at high levels and arranged in a cascade with three levels. We derived the primary equation for the three-
level laser light using the line and adiabatic balancing system. From there, we obtained the Langevin c-number 
equations and their solutions. These methods allowed us to determine a specific feature function for ants, which we 
then used in Vee to calculate the Q function of the light emitted by a three-level laser. Using the Q function, we computed 
the quadrature variation and average image number. Furthermore, we calculated the three-dimensional Vee 
superposition-type laser Q function. By utilizing this function, we determined the quadrature variation, average image 
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number, and density operator to achieve a stable position. It has been observed that as the line gain coefficient increases, 
the compression rate also increases. With small values of η, it is possible to achieve nearly absolute pressure. Our 
ultimate finding suggests that while Vee quadrature variations remain consistent, there may be additional factors at 
play. congestion in a cascade compared to an extreme scenario. 

In summary, the properties of the two-mode cavity radiation can be manipulated by controlling various factors such as 
the injected atomic coherence, linear gain coefficient, amplitude of the driving coherent light, and the presence of 
thermal light. Squeezing, which refers to reducing noise in one quadrature of the radiation, can be increased by raising 
the linear gain coefficient and the amplitude of the driving coherent light. However, the linear correlation coefficient, 
which characterizes the correlation between the two quadratures, increases with the degree of squeezing. On the other 
hand, the presence of thermal light has a detrimental effect on squeezing, causing it to decrease. This implies that the 
level of noise in the radiation increases with the amount of thermal light present. 

Furthermore, the parametric amplifier, a device that amplifies signals based on a nonlinear interaction, is capable of 
generating a significant amount of entangled light. This occurs even for very small values of the linear gain coefficient, 
regardless of the initial preparation of the atoms. The level of entanglement in the two-mode cavity light is directly 
linked to the degree of two-mode squeezing. Overall, these findings emphasize the intricate relationship between 
various factors and the properties of the two-mode cavity radiation, including squeezing, correlation, and entanglement. 
Quantum discords are a measure of quantum correlations that differ from entanglement. They quantify the extent of 
non-classical correlations between two subsystems of a quantum system. Investigating the quantum discords of the 
two-mode cavity radiation and how they are influenced by factors such as squeezing and thermal light would be 
interesting. This could provide further understanding of the nature of quantum correlations in the system and how they 
can be manipulated. Overall, studying the properties of the two-mode cavity radiation has significant implications for 
quantum information processing and communication, and further research in this area is justified. 
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